(3) Number of cases and probability

Problem 7: | Represent nCo+nC1+nC2+nC3+---+nCn interms of n (nis a natural number).

<Understanding the problem using a graphic calculator>

Select RUN from the MENU, and pregsn (>) (F3) (PrOB) Then, input

(2) [ (-C) (0 (B @), F(-C) @ F (2] (3 («Cr) (2], and presgx to display
2Co +2C1+ 2C2 and its value as shown in Figure 22. InpGb + 3C1+ 3C2 +3C3s
and determine its value as before.

From1Co+1C1=2,2Co +2C1+2C2=4,3Co +3C1+3C2+3C3=28,---, it may be
inferred that the equation is. Based on that observation, continued input of

2CE+2C1+2

IE3H YT YT (e o

C2

nCr(r =0,1 2,---, n) may yield a solution by considering the number of cases for :
number 1. (Figure 22)
The equation determinesxumber of items yielded from a distinct numbenof (ORORE —— , @
items. Ifr number of items is representedras0, 1, 2., then the summation et <
will determine the value. If the distinct numbematems ((1), (2), (3),...1)) is <9 <
assigned to each set yielded as shown in the diagram at right, then each value can béx o <o
confirmed. Therefore, the total number is: P <X <9
nCo+nC1+nCa+---nCn=2X2X2X-- X2 Do :
=2 i (solution) 2X 2X 2% i, x2
(Figure)
1. Of course, the solution is easily obtained by substitatindgy = 1 in the Recursion
n B an+1B03—rran+int+l 2
binomial theorem(a+b)" = z nCra'b"™" . However, the solution is also fully e
possible using a calculator. ™
2. The mathematically induced proof also usesCr = nCr +nCr - 1. SELCADEL JTVPEJAn JRAH I IETT
3. Use ofnCr +1= 1 ;;-nCr allows rapid calculation. (Figure 23)
r
. 3-r Table Range n+l
For example, the equation becona&s 1= ——ar whenn = 3. Select RECUR artif
r+1 End =?
a H
from the MENU, and input as shown in Figure 23. Then, set the Table Range as : i
shown in Figure 24. Press) (iENJ) (SET UPJF1) to set the Display: ON, and then anclril
press(exg twice to display the value afCo +3C1+ 3C2 + 3Cs in the lower right EEEL
of the screen as shown in Figure 25. -
(Figure 24)
n
4. Determination of) ne nCr can also be considered for course development e han et L
purposes. = A e e E
1} 1 1
[ | 3 H]
2 3 1
3 1 5
[Fukr [wEE RN [AITN7

(Figure 25)



Problem 8: Give one card eachto n number of students, and then have the students write a number

from 1 to 10 on their cards. Determine the range of
least two cards will have the same number to exceed 0.9.

<Understanding the problem using a graphic calculator>

If the probability thah number of students will write different numbersiisind the
remaining probability i$n, then the equation can be expressed as:

10Pn
an =

(2<n<10), an = 0 (n>11)
10n

10Pn+1 10-n
an+1= =
10n+l 10

an, bn =1- an(2<n<10)

Therefore au=1, b1=0.

Select RECUR from the MENU, and input
an+1=(10-n)an+10, bn+1=1- (10 — n)an + 10.
PressF4 (RANG) to set the Table Range as shown in Figure 26, and then(@rgss

[WENY) (SET uP)to set Sigma Display: OFF. Next, prg8g twice to obtain the value
of an+1, bn+1 for eachn + 1 as shown in Figure 26. From the table shown in Figure

n required for the probability that at

27, it is learned thai decreases aruh increases asincreases, and that > 0.9
whenn>7. This means that + 1 <an when 2<n<10, and the solution is obtained
by showing thatr < 0.1 <ae.

Table Range n+l

If the probability thah number of students will write different numbers is sehto
then 1 -an > 0.9. One must determine the ranga tfat producean < 0.1.

1;;” (1= n<10), an = 0(n>10)

Next, setan = 1, and express the formula as=

Therefore, froman +1= 10Pn+1 = 10-n
1On +1 10
10-n
When 2<n<10, an + 1 <an from 0 < <1 1)
Additionally,as = 0.152 > 0.1 =7 = 0.0604 .............. (2)
Therefore, from (1) and (2N>7 ............... (solution)
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Start:
End :18
a1 =1
b HS |
anStrel
EFRET
(Figure 26)
nd | An+1 bri+
"-] | o
2 0.9 0.1
1 0.2 0.2
4 0.504 u.ussl 1
[FoRH [WEE F-CoH [GFLT
(Figure 27)



Comments

1. In this case, the problem is the increases and decreamearudbn. Therefore, 1
pressstFy) (F3) (v-wIN) and set the ranges of theandY axes as shown in Figure
28, and then pregE6)(TABL) (F§) (G-PLT) to plot the graph as shown in Figure 29.
Pressfstt (F1)(TRCE) and use the curso{, ) to view the changes as desired.

2. Further development can be effected by using the “birthday problem.” Change
10 to 365, and determine the probability that any two persons waithnimber of

|IHIT iTF:IE iSTD EH |ﬁ'
.

Ligw Windaw
Bwmin =6
max =1
scalell]
“Ymin =8
max =1

persons will have the same birthday.

(Figure 28)

3. Only the calculations for this problem can be done on a calculator, and

prohibiting the use of a calculator causes considerable resistance because of thean+1=t18—rlan+1@

number of calculations.

Problem 9: | Fromset A={1, 2, 3;, n}, make f a map that has 1:1

i®ai
1=1
when f(i)=a (i =1, 2, 3,...n)? Express in terms of n.

correspondence to set A. What is the range of

<Understanding the problem using a graphic calculator>

Select MAT (matrix) from the MENU, and input the dimensiong 8 of matrix A
to display a X 3 matrix containing all zeros as shown in Figure 30. Next, press
(1] g (2] B (3] (% to input the componenss= (1, 2, 3) as shown in Figure 31.

As before, make matri® a 3x 6 matrix as shown in Figure 32, and input the

components so that each column has a different permutation of 1, 2, and 3. Then,

press{ENy (RUN), (01N (F2) (MAT) [F1) (MAT) (a) (X3 F(mAT) to

display the calculation results AfB as a matrix as shown in Figure 33. g

Next, inputC = (1, 2, 3, 4), and mak2 a 4x 24 matrix. Input the components so
that each column dd has a different permutation of 1, 2, 3, and 4. Then, calculate
CeD.

From these calculator operations, it can be surmised(thati produces the
maximum, and[ (i) =n+1-i(i=12,3, ---, n) produces the minimum. From

+
n=E 4=0. 1512
(Figure 29)
A I 2 3
I i 0 ol
5]
F-OPJROLCOL
(Figure 30)
A I 2 3 )
IC | 2 IE
3
F-OPJROL ICoL
(Figure 31)
E £ 3 y 5 )

matricesB andD it can also be confirmed that mgproduced by(i) =n+ 1 —ai
must exist with respect to méaproduced byf(i) = ai. This fact may cause one to

(Figure 32)

surmise that if the maximum occurs wHéh=ai, and that the minimum value may
also occur whefi(i) = n+1-i.

u
1T 13 13 1

14
MatrsLIDet ) TrAlAL SIS
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(Figure 33)



(1P+22+3 +---+n?) (@® + a2® +as?, +--- +an’) — (L + 2 (a2 + 3[A3 +--- + N [an)?
In short,

= (12 - 2 (2u)? + (1[&3 - 3[2u)° +--- + (1[0 — n [2)?
+(2 a3 — 3[A2)? +--- + (2 [an — n ()

+-+((N=1) @n—nlan-1)°

>0

n o gOn .o O sl
-2 .2 . .2
Therefore, DE i DEPEE ai“n> DE i@ g
=1 a =1 U =1 ]

L, _nn+h(2n+1)
1=1 1=1 6

Thus, ii @j§< wg

Additionally, zi (& >0, w >0
1=1

Therefore,] Zi (& < nn+h@n+y (1)
1=1

6

(The equality occurs wheita — j i =0(i, j : 1, 2,---, n), in short, whera =i)
Substitutingbi = n+1-a produces:

iil])iz(n+1)ii—iim

JN(n+ 1) n(n+1)(2n+1)
= 2 6

(- @)

_n(n+H(n+2)
- 6

allow students to increase their problem-solving abilities.
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